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Abstract
Assume X is an infinite dimensional F -normed space and let r be a positive number such that the closed
ball Br(X) of radius r is properly contained in X. The main aim of this paper is to give examples of regular
F -normed ideal spaces in which there is a 1-ball or a (1 + ε)-ball contractive retraction of Br(X) onto
its boundary with positive lower Hausdorff measure of noncompactness. The examples are based on the
abstract results of the paper, obtained under suitable hypotheses on X.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Given an infinite dimensional F -normed space X, we set Br(X) = {f ∈ X: ‖f ‖  r} and
Sr(X) = {f ∈ X: ‖f ‖ = r} for any positive number r such that r < sup{‖f ‖: f ∈ X}. We will
write briefly B(X) and S(X) instead of B1(X) and S1(X).
We recall that a continuous mapping G : dom(G) ⊆ X → X is called k-ball contractive if
there is k  0 such that γ (GA)  kγ (A) for each bounded A ⊆ dom(G), where γ denotes the
Hausdorff measure of noncompactness. Moreover the quantitative characteristic
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is called the lower Hausdorff measure of noncompactness of G. This characteristic is closely
related to properness. Indeed, ω(G) > 0 implies that G is a proper mapping, that is, G−1K is
compact for each compact subset K of X.
We say that a continuous mapping H :Br(X) → X is a ρ-near retraction if Hf = f for
f ∈ Sr(X) and m ‖Hf ‖ l for f ∈ Br(X), where 0 < m r  l < ∞ and ρ = l −m.
Clearly a 0-near retraction is a retraction of Br(X) onto Sr(X), that is, a continuous mapping
R :Br(X) → Sr(X) such that Rf = f for f ∈ Sr(X).
It is well known that if X is an infinite dimensional Banach space there is a retraction of B(X)
onto S(X) (see, for example, [4]), moreover such a retraction can be chosen to be k-ball con-
tractive. Then the constant W(X), introduced by Wos´ko in [18], is the infimum of all k  0 such
that there is a k-ball contractive retraction of B(X) onto S(X). Two problems of interest in non-
linear analysis (see, for example, [1,7,9]) are the estimate of W(X) and for a given retraction R
the estimate of ω(R). We observe that there is not a unified method to evaluate W(X), most of
the evaluations have required individual constructions in each space X. Briefly we recall that
W(X) 6 [17] for any infinite dimensional Banach space X, reaching the value 4 or 3 depend-
ing on the geometry of the space. Moreover W(X) = 1 in some Banach spaces of continuous
functions [5,15,18], in some classical Banach spaces of measurable functions [6] and in Banach
spaces whose norm is monotone with respect to some basis [1].
In this paper we consider analogous problems when X is in a certain class of regular F -
normed ideal spaces of measurable functions (see properties (P1) and (P2) in Section 3). Due to
the lack of homogeneity of the F -norm, the quantitative characteristics we consider will depend
on r , so we put
Wr(X) = inf
{
k  0: ∃ a k-ball contractive retraction R :Br(X) → Sr(X)
}
,
and given a ρ-near retraction H :Br(X) → X we put
ωr(H) = sup
{
k  0: γ (HA) kγ (A), for A ⊆ Br(X)
}
.
The best possible value for the constant Wr(X) is 1. We observe that whenever X is a q-normed
space, then given a k-ball contractive retraction R of B(X) onto S(X) we have that a k-ball
contractive retraction Rr :Br(X) → Sr(X) is defined by Rr(x) = r
1
q R( x
r
1
q
). Hence, when X is a
q-normed space, we restrict ourself to retractions of B(X) onto S(X) and we will write briefly
W(X) and ω(R) instead of W1(X) and ω1(R), respectively.
Within the preliminaries we prove some properties of the Hausdorff measure of noncompact-
ness in the setting of F -normed spaces which we need and which are of independent interest.
In Section 3 we define a 1-ball contractive mapping Q :Br(X) → Br(X). Whenever one is
able to construct a compact mapping P :Br(X) → X in such a way that ‖Qf + Pf ‖ = r for all
f ∈ Br(X) it follows that R = Q+P is a 1-ball contractive retraction of Br(X) onto Sr(X) with
ωr(R) > 0. However the main result of this paper proves the existence of a 1-ball contractive ρ-
near retraction H :Br(X) → X with ωr(H) > 0. If X is q-normed we obtain that for any ε > 0
there is a (1 + ε)-ball contractive retraction so that W(X) = 1.
In Section 4 we show that in the F -normed space L0 of all measurable functions endowed with
the F -norm ‖f ‖ = ∫[0,1] |f (t)|1+|f (t)| dt , for every 0 < r < 1, there is a 1-ball contractive retraction
so that the value Wr(L0) = 1 is attained. Moreover, we obtain W(X) = 1 in particular nonlocally
convex Orlicz spaces and in nonlocally convex Lorentz spaces. The value W(X) = 1 is attained
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All the retractions we construct have positive lower Hausdorff measure of noncompactness.
We denote by N and R the set of all natural and real numbers, respectively.
2. Preliminaries
Let X = (X,‖ · ‖) be a (real) F -normed space, that is, X is a linear space equipped with an F -
norm ‖·‖. We recall that the F -norm satisfies, for all f,g ∈ X, the following conditions: ‖f ‖ = 0
if and only if f = 0, ‖f + g‖  ‖f ‖ + ‖g‖, ‖λf ‖  ‖f ‖ for |λ|  1, and limα→0 ‖αf ‖ = 0.
In particular, for 0 < q  1, an F -normed space X is called q-normed (normed if q = 1) if
‖λx‖ = |λ|q‖x‖ for x ∈ X and λ ∈ R, in this case ‖ · ‖ is called a q-norm (norm if q = 1)
(see [10]).
We recall that for a bounded subset A of X, the Hausdorff measure of noncompactness γ (A)
of A is the infimum of all ε > 0 such that A has a finite ε-net in X. For the properties of the
function γ (A) we refer the reader to [3], however we recall that for bounded subsets A and B
of X:
γ (A) = 0 if and only if A is a totally bounded set;
γ (A ∪B) = max{γ (A), γ (B)};
A ⊆ B implies γ (A) γ (B).
If X is q-normed the following properties have been proved in [2]:
γ (A +B) γ (A) + γ (B);
γ (x +A) = γ (A) (x ∈ X).
We recall that if X is a normed space the function γ (A) (see [3]) has some additional proper-
ties, e.g. we have: γ (coA) = γ (A) where coA denotes the closed convex hull of A; γ (λA) =
|λ|γ (A), for all λ ∈ R.
In the following proposition we prove some further properties of the Hausdorff measure of
noncompactness in the setting of F -normed spaces.
Proposition 1. Let A be a bounded subset of X. For each t > 0, set nt = min{n ∈ N: t  n}.
Then
(i) γ (tA) γ (A) n 1
t
γ (tA), for 0 < t  1;
(ii) γ (A) γ (tA) ntγ (A), for t > 1;
(iii) 1
n 1
t
γ (A) γ ([0, t] ·A) γ (A), for 0 < t  1;
(iv) γ (A) γ ([0, t] · A) ntγ (A), for t > 1.
Proof. (i) Let 0 < t  1. Fix α > γ (tA) and let {x1, . . . , xn} be an α-net for tA in X. Fixed
x ∈ A we can choose i ∈ {1, . . . , n} such that ‖tx − xi‖ α. It follows∥∥∥∥x − 1xi
∥∥∥∥=
∥∥∥∥1 (tx − xi)
∥∥∥∥ n 1t ‖tx − xi‖ n 1t α.t t
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x1, . . . ,
1
t
xn} is an n 1
t
α-net for A in X. Therefore γ (A) n 1
t
γ (tA).
Now let α > γ (A) and let {x1, . . . , xn} be an α-net for A in X. Fix y ∈ tA and let x ∈ A such
that y = tx. Chosen i ∈ {1, . . . , n} such that ‖x − xi‖ α we have that
‖y − txi‖ = ‖tx − txi‖ =
∥∥t (x − xi)∥∥ ‖x − xi‖ α.
Hence {tx1, . . . , txn} is an α-net for tA in X and γ (tA) γ (A).
(ii) is an immediate consequence of (i).
(iii) Let 0 < t  1. Fix α > γ (A) and let {x1, . . . , xn} be an α-net for A in X. Fix δ > 0.
Since K =⋃ni=1[0, t] · xi is compact we can choose a δ-net {y1, . . . , ym} for K in X. Let y ∈[0, t] · A, s ∈ [0, t] and x ∈ A such that y = sx. Choose i ∈ {1, . . . , n} such that ‖x − xi‖  α
and j ∈ {1, . . . ,m} such that ‖sxi − yj‖ δ. Then
‖y − yj‖ ‖sx − sxi‖ + ‖sxi − yj‖

∥∥s(x − xi)∥∥+ δ  ‖x − xi‖ + δ
 α + δ.
Hence {y1, . . . , ym} is an (α+ δ)-net for [0, t] ·A in X, so that γ ([0, t] ·A) γ (A). On the other
hand, since tA ⊆ [0, t] · A, we have γ (tA)  γ ([0, t] · A) and using (i) it follows 1
n 1
t
γ (A) 
γ ([0, t] ·A).
(iv) Let t > 1. Using the same notations and repeating the same considerations done in (iii)
we find
‖y − yj‖ ‖sx − sxi‖ + ‖sxi − yj‖

∥∥s(x − xi)∥∥+ δ  ns‖x − xi‖ + δ
 ntα + δ.
Therefore {y1, . . . , ym} is an (ntα + δ)-net for [0, t] · A in X and γ ([0, t]A) ntγ (A). Finally
since tA ⊆ [0, t] ·A we have γ (tA) γ ([0, t] ·A), and by (ii) it follows γ (A) γ ([0, t] ·A). 
If X is a q-normed space Proposition 1 reduces to the following proposition. We note that the
part (i) was proved in [2].
Proposition 2. Let A be a bounded subset of X. Then, for each t > 0,
(i) γ (tA) = tqγ (A);
(ii) γ ([0, t] · A) = tqγ (A).
We now introduce the framework of the spaces we consider in this paper. Let Σ be the σ -
algebra of all Lebesgue subsets of [0,1] equipped with the Lebesgue measure μ, and write a.e.
for μ-almost everywhere. Let L0 = L0[0,1] be the space of all Lebesgue measurable functions
f : [0,1] →R. We denote by S the subset of all simple functions of L0.
A complete F -normed space X of (classes of) functions from L0 is called an F -normed ideal
space if for all g ∈ L0 and f ∈ X the relation |g| |f | a.e. implies that g ∈ X and ‖g‖ ‖f ‖.
We say that a function f ∈ X has absolutely continuous norm if for every ε > 0 there is δ > 0
such that ‖f χD‖ < ε for every D ∈ Σ with μ(D) < δ. The space X is called regular if every
function f ∈ X has absolutely continuous norm.
The following two theorems generalize to F -normed ideal spaces well-known results in ideal
Banach spaces (see [16]).
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vergent to f in (X,‖ · ‖). Then (fn) converges to f in measure.
Proof. The proof is carried out as in [16, Theorem 3.1.1] when the proof of Lemma 3.1.2 in [16]
is repeated to prove that, given δ > 0 and a sequence (En) in Σ , then ‖δχEn‖ → 0 implies
μ(En) → 0. 
Theorem 4. Let X be a regular F -normed ideal space and (fn) be a sequence of elements of X.
Then (fn) converges to f in (X,‖ · ‖) if and only if (fn) converges to f in measure and the
family {fn: n ∈ N} has uniformly absolutely continuous norm, that is, for every ε > 0, there is
δ > 0 such that ‖fnχD‖ < ε for every D ∈ Σ with μ(D) < δ and for each n ∈ N.
Proof. Suppose (fn) converges to f in (X,‖ · ‖). Then by Theorem 3 the sequence (fn) con-
verges to f in measure and by [11, Proposition 3.10 and Theorem 3.11] {fn: n ∈ N} has
uniformly absolutely continuous norm. For the sufficient part assume that (fn) converges to f in
measure and that the family {fn: n ∈ N} has uniformly absolutely continuous norm. Given ε > 0,
find σ > 0 such that ‖σχ[0,1]‖ ε. Choose 0 < δ  σ such that if μ(D) δ, then ‖fnχD‖ ε
and ‖fχD‖ ε. Now set
Dn =
{
t ∈ [0,1]: ∣∣fn(t) − f (t)∣∣ δ}
and choose m ∈ N such that μ(Dn) δ for all nm. Then we have
‖fn − f ‖ ‖fnχDn‖ + ‖f χDn‖ +
∥∥(fn − f )χ[0,1]\Dn∥∥
 2ε + ‖σχ[0,1]‖ 3ε,
which completes the proof. 
3. Proper ρ-near retractions in regular F -normed ideal spaces and proper retractions in
regular q-normed ideal spaces
Let X be a regular F -normed ideal space. For f ∈ X and a  1, we set
fa(t) =
{
f (at) if t ∈ [0, 1
a
],
0 if t ∈ ( 1
a
,1],
then it is easy to check that fa is a function of L0.
Throughout this section we assume that X satisfies the following conditions:
(P1) S ⊆ X and X is the closure of S with respect to ‖ · ‖;
(P2) there exist a continuous strictly decreasing function α : [0, r] → [1,∞) with α(r) = 1, and
a continuous decreasing function β : [1, α(0)] → (0,1] with β(1) = 1 and β(α(0)) > 0
such that∥∥β(a)f ∥∥ ‖fa‖ ‖f ‖, (1)
for each f ∈ X and a ∈ [1, α(0)].
Under the above hypotheses, the function fa ∈ X for all f ∈ X and a ∈ [1, α(0)].
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with positive lower Hausdorff measure of noncompactness. If, in addition, X is q-normed we
obtain that for any ε > 0 there is a (1 + ε)-ball contractive retraction R of B(X) onto S(X), with
ω(R) > 0.
We begin by introducing a mapping Q :Br(X) → Br(X) defined by
Qf = fα(‖f ‖). (2)
Clearly we have Qf = f for all f ∈ Sr(X). We observe that in the particular case α(‖f ‖) =
2
1+‖f ‖ the mapping Q coincides with that introduced in [18] (see also [5,6,12]).
Lemma 5. Let f ∈ X. Then the set Af = {fa: a ∈ [1, α(0)]} is compact in (X,‖ · ‖).
Proof. Let f ∈ X and let (an) be a sequence in [1, α(0)]. It is sufficient to show that if (an)
converges to a0 then (fan) converges to fa0 in (X,‖ · ‖). We first prove the lemma in the case of
a simple function. So let s =∑mi=1 ciχAi ∈ S. Observe that
|san − sa0 |
m∑
i=1
|ci |χ 1
an
Ai
 1a0 Ai
,
where 
 denotes the symmetric difference between sets. Then∫
[0,1]
∣∣san(t) − sa0(t)∣∣dt 
m∑
i=1
|ci |μ
(
1
an
Ai 
 1
a0
Ai
)
.
Since μ( 1
an
Ai) → μ( 1a0 Ai) for each i ∈ {1, . . . ,m}, we have that san converges to sa0 in measure.
Moreover, setting c = mmaxmi=1 |ci |, we have that |saχD| cχD for all a ∈ [1, α(0)] and D ∈ Σ ,
thus
‖saχD‖ ‖cχD‖.
Since ‖cχD‖ → 0 for μ(D) → 0 it follows that As has uniformly absolutely continuous norm.
By Theorem 4 we have the assert in the case of simple functions.
Now choose s ∈ S such that ‖f − s‖ ε3 . By the first part of the proof for each n sufficiently
large we have that ‖san − sa0‖ ε3 . Then using (1) we have
‖fan − fa0‖ ‖fan − san‖ + ‖san − sa0‖ + ‖fa0 − sa0‖
 2‖f − s‖ + ‖san − sa0‖ ε.
The proof is complete. 
Proposition 6. The mapping Q is continuous.
Proof. Let (fn) be a sequence of elements of Br(X) and f ∈ Br(X) such that ‖fn − f ‖ → 0.
Then the sequence (α(‖fn‖)) converges to α(‖f ‖). Since
‖Qfn −Qf ‖ =
∥∥(fn)α(‖fn‖) − fα(‖f ‖)∥∥

∥∥(fn)α(‖fn‖) − (fn)α(‖f ‖)∥∥+ ∥∥(fn − f )α(‖f ‖)∥∥,
the thesis follows by Lemma 5 and (1). 
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ness of A hold.
Proposition 7. Let A ⊆ Br(X), then
1
n 1
β(α(0))
γ (A) γ (QA) γ (A).
If X is q-normed the inequalities hold with 1
n 1
β(α(0))
replaced by β(α(0))q .
Proof. We start to prove the right inequality. Let η > γ (A) and {ϕ1, . . . , ϕp} a η-net for A in X.
By Lemma 5 the set
p⋃
i=1
Aϕi
is compact, hence given δ > 0 we can choose a δ-net {ψ1, . . . ,ψq} for ⋃pi=1 Aϕi in X. We now
show that {ψ1, . . . ,ψq} is an (η + δ)-net for QA in X. To this end let g ∈ QA and let f ∈ A
such that Qf = g. Fix i ∈ {1, . . . , p} such that ‖f −ϕi‖ η. Since (ϕi)α(‖f ‖) ∈ Aϕi we can find
j ∈ {1, . . . , q} such that ‖(ϕi)α(‖f ‖) − ψj‖ δ. Then
‖Qf −ψj‖
∥∥fα(‖f ‖) − (ϕi)α(‖f ‖)∥∥+ ∥∥(ϕi)α(‖f ‖) −ψj∥∥
 ‖f − ϕi‖ + δ  η + δ.
Therefore γ (QA) η + δ, so γ (QA) γ (A).
We now prove the left inequality. Let η > γ (QA). By the regularity of the space and prop-
erty (P1) we have that C[0,1] is dense in X. Then there exists an η-net {λ1, . . . , λn} for QA
in C[0,1]. For i = 1, . . . , n, set (λi)b(t) = λi(bt) for t ∈ [0,1] and b ∈ [ 1α(0) ,1]. Since each
(λi)
b is continuous the set
Λ =
n⋃
i=1
{
A(λi)b : b ∈
[
1
α(0)
,1
]}
is compact with respect to the norm ‖ · ‖∞ and hence is compact in (X,‖ · ‖). Thus for any δ > 0,
we can choose a δ-net {ξ1, . . . , ξm} for Λ in X. We now show that {ξ1, . . . , ξm} is a (n 1
β(α(0))
η+δ)-
net for A in X. Let f ∈ A. Fix i ∈ {1, . . . , n} such that ‖Qf − λi‖ η. Since (λi)
1
α(‖f ‖) ∈ Λ we
can find j ∈ {1, . . . ,m} such that ‖(λi)
1
α(‖f ‖) − ξj‖ δ. Then
‖f − ξj‖
∥∥∥∥ 1β(α(0))β
(
α
(‖f ‖))(f − (λi) 1α(‖f ‖) )
∥∥∥∥+ ∥∥(λi) 1α(‖f ‖) − ξj∥∥
 n 1
β(α(0))
∥∥fα(‖f ‖) − ((λi) 1α(‖f ‖) )α(‖f ‖)∥∥+ δ
 n 1
β(α(0))
‖Qf − λi‖ + δ  n 1
β(α(0))
η + δ.
Therefore γ (A) n 1
β(α(0))
η + δ. So we obtain
1
n 1
β(α(0))
γ (A) γ (QA).
As the last assert is obvious, the proof is complete. 
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Sr(X) and ‖Qf +Pf ‖ = r for all f ∈ Br(X), then R = Q+P is a 1-ball contractive retraction
of Br(X) onto Sr(X), satisfying ωr(R) 1n 1
β(α(0))
.
If, in addition, X is q-normed the 1-ball contractive retraction R satisfies ω(R) β(α(0))q .
According to the above corollary we will give examples of regular F -normed ideal spaces
with 1-ball contractive retractions in the following section.
Let 0 < r < sup{‖f ‖: f ∈ X}. Now for any c > 0, we define a compact mapping
Pc :Br(X) → X and we prove that Q + Pc is a 1-ball ρ-near retraction from Br(X) into X.
In particular, in the case of q-normed spaces, for any ε > 0, we obtain, for a suitable c, a (1 + ε)-
ball contractive retraction.
Let c ∈ (0,∞). We define a mapping Pc :Br(X) → X by setting
Pcf =
{
c(r − ‖Qf ‖)χ
( 1
α(‖f ‖) ,1] if f ∈ Br(X) \ Sr(X),
0 if f ∈ Sr(X).
Proposition 9. The mapping Pc is compact.
Proof. We first prove that the mapping Pc is continuous. Let (fn) be a sequence in Br(X)
converging to f ∈ Br(X). If f ∈ Sr(X), then Pcf = 0 and, moreover, ‖Qfn‖ → r and
‖χ
( 1
α(‖fn‖) ,1]
‖ → 0. Thus
‖Pcfn‖ =
∥∥c(r − ‖Qfn‖)χ( 1
α(‖fn‖) ,1]
∥∥→ 0.
On the other hand, if f ∈ Br(X) \ Sr(X), we have ‖Qfn‖ → ‖Qf ‖ and ‖χ( 1
α(‖fn‖) ,1]
−
χ
( 1
α(‖f ‖) ,1]‖ → 0. Therefore
‖Pcfn − Pf ‖ =
∥∥c(r − ‖Qfn‖)χ( 1
α(‖fn‖) ,1]
− c(r − ‖Qf ‖)χ
( 1
α(‖f ‖) ,1]
∥∥→ 0.
Consequently Pc is continuous. To complete the proof it remains to show that PcBr(X) is com-
pact. Let (gn) be a sequence in PcBr(X) and (fn) be a sequence in Br(X) such that Pcfn = gn.
Since 0 ‖fn‖ r and 0 ‖Qfn‖ r , we can assume without loss of generality that ‖fn‖ → a
and ‖Qfn‖ → b. If a = r , then also b = r and analogously to the first part of the proof we obtain
‖gn‖ = ‖Pcfn‖ =
∥∥c(r − ‖Qfn‖)χ( 1
α(‖fn‖) ,1]
∥∥→ 0.
If a < r , we have∥∥gn − c(r − b)χ( 1
α(a)
,1]
∥∥= ∥∥c(r − ‖Qfn‖)χ( 1
α(‖fn‖) ,1]
− c(r − b)χ
( 1
α(a)
,1]
∥∥→ 0,
and the theorem is proved. 
Now for any c ∈ (0,∞), we define a mapping Hc :Br(X) → X by
Hcf = Qf + Pcf,
that is,
Hcf =
{
fα(‖f ‖) + c(r − ‖fα(‖f ‖)‖)χ( 1
α(‖f ‖) ,1] if f ∈ Br(X) \ Sr(X),
f if f ∈ S (X). (3)r
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Theorem 10. For any c ∈ (0,∞), there is ρ  0 such that the mapping Hc is a 1-ball contractive
ρ-near retraction. In addition, ωr(Hc) 1n 1
β(α(0))
.
Proof. Let c ∈ (0,∞). As Hc is a compact perturbation of Q, by Proposition 7 we have that Hc
is a 1-ball contractive mapping. We show that there is ρ  0 such that Hc is a ρ-near retraction.
For all f ∈ Sr(X), we have Hcf = f , and clearly ‖Hcf ‖ = r . Moreover, by the definitions of Q
and Pc and by property (P2)
‖Hcf ‖max
{‖Qf ‖,‖Pcf ‖}max{∥∥β(α(‖f ‖))f ∥∥,‖Pcf ‖},
for each f ∈ Br(X). Let f ∈ Br(X) \ Sr(X). Then
‖Pcf ‖ =
∥∥c(r − ‖Qf ‖)χ
( 1
α(‖f ‖) ,1]
∥∥ ∥∥c(r − ‖f ‖)χ
( 1
α(‖f ‖) ,1]
∥∥,
so that
‖Hcf ‖max
{∥∥β(α(‖f ‖))f ∥∥,∥∥c(r − ‖f ‖)χ
( 1
α(‖f ‖) ,1]
∥∥}.
Set
m = inf
f∈Br(X)\Sr (X)
max
{∥∥β(α(‖f ‖))f ∥∥,∥∥c(r − ‖f ‖)χ
( 1
α(‖f ‖) ,1]
∥∥}.
Clearly m  r , we show that m > 0. Assume by contradiction that m = 0. Then there is a se-
quence (fn) of elements of Br(X) \ Sr(X) such that
max
{∥∥β(α(‖fn‖))fn∥∥,∥∥c(r − ‖fn‖)χ( 1
α(‖fn‖) ,1]
∥∥} 1
n
,
for each n ∈ N. Hence
lim
n
∥∥β(α(‖fn‖))fn∥∥= 0, (4)
lim
n
∥∥c(r − ‖fn‖)χ( 1
α(‖fn‖) ,1]
∥∥= 0. (5)
Since the function β ◦ α is increasing, by (4) it follows that
lim
n
∥∥β(α(0))fn∥∥= 0.
So we get
lim
n
‖fn‖ = lim
n
∥∥∥∥ 1β(α(0))β
(
α(0)
)
fn
∥∥∥∥ n 1
β(α(0))
lim
n
∥∥β(α(0))fn∥∥= 0.
Consequently
lim
n
∥∥c(r − ‖fn‖)χ( 1
α(‖fn‖) ,1]
∥∥= ∥∥crχ
( 1
α(0) ,1]
∥∥> 0,
which is a contradiction since (5) holds. So it follows m > 0, and ‖Hcf ‖m for all f ∈ Br(X).
On the other hand, we easily obtain ‖Hcf ‖  l, where l = r + ‖crχ( 1
α(0) ,1]‖. Therefore the
mapping Hc is a 1-ball contractive ρ-near retraction, for ρ = l − m. Since Hc is a compact
perturbation of Q, by Proposition 7 it follows ωr(Hc) 1n 1 . β(α(0))
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mapping R :B(X) → S(X) defined by
Rf = Hcf
‖Hcf ‖
1
q
is a (1 + ε)-ball contractive retraction, so that W(X) = 1. Moreover ω(R) > 0.
Proof. It is easy to verify that the mapping R is a retraction for any c ∈ (0,∞). We observe that
given 0 < δ < 1, we can choose c > 0 such that
‖Hcf ‖ 1 − δ (6)
for all f ∈ B(X). Indeed, as in the proof of Theorem 10 we get ‖Hcf ‖mc , where
mc = inf
f∈B(X)\S(X)max
{
β
(
α
(‖f ‖))q‖f ‖, cq(1 − ‖f ‖)q‖χ
( 1
α(‖f ‖) ,1]‖
}
.
Then setting for t ∈ [0,1],
ϕ1(t) = β
(
α(t)
)q
t and ϕ2(t) = cq(1 − t)q‖χ( 1
α(t)
,1]‖
it is enough to choose 0 < σ < 1 such that
1 − δ  ϕ1(t) 1
whenever 1 − σ  t  1, and find c such that ϕ2(1 − σ) = 1 − δ.
Now (6) together with the definition of R, implies
RA ⊆
[
0,
1
(1 − δ) 1q
]
·HcA.
Consequently using (ii) of Proposition 2 we get
γ (RA) γ
([
0,
1
(1 − δ) 1q
]
·HcA
)
= 1
1 − δ γ (HcA).
Since the map Hc is 1-ball contractive, we obtain
γ (RA) 1
1 − δ γ (A).
On the other hand, as in the proof of Theorem 10, we find
‖Hcf ‖ 1 + cq‖χ( 1
α(0) ,1]‖,
which, setting lc = 1 + cq‖χ( 1
α(0) ,1]‖, implies
HcA ⊆
[
0, l
1
q
c
] · RA.
Since Hc is a compact perturbation of Q, by Proposition 7 we have β(α(0))qγ (A) γ (HcA).
Hence using the latter inclusion we get
β(α(0))q
lc
γ (A) γ (RA).
We have proved that R is a 11−δ -ball contractive retraction with ω(R) 
β(α(0))q
lc
. Given ε > 0,
the theorem follows by the arbitrariness of δ. 
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In this section we show that there are classical nonlocally convex spaces with proper 1-ball or
(1 + ε)-ball contractive retractions.
4.1. The space L0
We equip the space of (classes of) functions L0 with the F -norm
‖f ‖ =
∫
[0,1]
|f (t)|
1 + |f (t)| dt.
Let us observe that the ‖ · ‖-topology coincides with the topology of convergence in measure.
The space L0 is a regular F -normed ideal space. Moreover L0 is the closure of S with respect
to ‖ · ‖. Observe that sup{‖f ‖: f ∈ L0} = 1, and fix 0 < r < 1.
Let α : [0, r] → [1, 2−r1−r ] be defined by
α(x) = 1 − x − r
r(1 − r) ,
and β : [1, 2−r1−r ] → [ 1−r2−r ,1] by
β(a) = 1
a
.
We easily find ‖fa‖ = β(a)‖f ‖, for any a  1, therefore the space L0 satisfies properties (P1)
and (P2).
We now consider the mapping Q :Br(L0) → Br(L0), as defined in (2), that is,
Qf = fα(‖f ‖).
Moreover we define a compact mapping P :Br(L0) → Br(L0) by setting
Pf =
{
rα(‖f ‖)−‖f ‖
‖f ‖−1+(1−r)α(‖f ‖)χ( 1α(‖f ‖) ,1] if f ∈ Br(L0) \ Sr(L0),
0 if f ∈ Sr(L0).
We observe that rα(‖f ‖) − ‖f ‖ and ‖f ‖ − 1 + (1 − r)α(‖f ‖) are positive for every ‖f ‖ < r .
Then a direct computation gives ‖Qf +Pf ‖ = r for all f ∈ Br(X), therefore by Corollary 8 we
have the following theorem.
Theorem 12. Let R :Br(L0) → Sr(L0) be defined by setting
Rf = Qf + Pf.
Then R is a 1-ball contractive retraction, with ωr(R) 1n 2−r
1−r
.
4.2. Nonlocally convex Orlicz spaces
Let ϕ : [0,+∞) → [0,+∞) be a nondecreasing, continuous function such that ϕ(0) = 0,
ϕ(t) > 0 for t > 0, and ϕ(t) → +∞ as t → +∞. Assume in addition that ϕ is q-convex for some
0 < q  1, that is, ϕ(ax + by) aqϕ(x) + bqϕ(y) for x, y ∈ [0,∞), a, b 0 and aq + bq = 1.
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ρϕ(f ) =
∫
[0,1]
ϕ
(∣∣f (t)∣∣)dt.
By Lϕ := Lϕ([0,1],Σ,μ) we denote the Orlicz space generated by ϕ, that is,
Lϕ =
{
f ∈ L0: lim
λ→0ρϕ(λf ) = 0
}
.
We equip Lϕ with the Luxemburg q-norm (norm if q = 1) given by
‖f ‖qϕ = inf
{
u > 0: ρϕ
(
f
u
1
q
)
 1
}
.
By Eϕ we denote the space of finite elements, that is,
Eϕ =
{
f ∈ L0: ρϕ(λf ) < ∞, for any λ > 0
}
.
The space Eϕ is a closed subspace of Lϕ , and Eϕ = Lϕ if the Δ2-condition holds, that is, if there
is c ∈ [0,∞) such that ϕ(2x) cϕ(x) (x  0).
The space Eϕ equipped with the Luxemburg q-norm is a q-normed ideal space. By [13,
Theorem 9.3] it follows that Eϕ is regular, and by [13, Theorem 7.6] we have S ⊆ Eϕ and that
Eϕ is the closure of S with respect to the q-norm ‖ · ‖qϕ . Let now α : [0,1] → [1,2] be defined by
α(x) = 2
1 + x ,
and β : [0,2] → [ 12 ,1] by
β(a) = 1
a
.
Then by [12, Lemma 2.3], for all f ∈ Eϕ , we have
β(a)‖f ‖qϕ  ‖fa‖qϕ  ‖f ‖qϕ.
Therefore the space Eϕ is a regular q-norm ideal space satisfying conditions (P1) and (P2) of the
previous section. Moreover the mapping Hc , for any c ∈ (0,∞), defined in (3) takes the form
Hcf =
{
f 2
1+‖f ‖
+ c(r − ‖f 2
1+‖f ‖
‖)χ
(
1+‖f ‖
2 ,1] if f ∈ Br(X) \ Sr(X),
f if f ∈ Sr(X).
(7)
Then by Theorem 11 we get the following result.
Theorem 13. For any ε > 0, there exists a (1 + ε)-ball contractive retraction
R :B(Eϕ) → S(Eϕ),
so that W(Eϕ) = 1. Moreover ω(R) > 0.
Remark 14. Assuming that ϕ is strictly increasing and satisfies the Δ2-condition, we have that
the value W(Lϕ) = 1 is achieved. In fact, since the Δ2-condition holds we have Eϕ = Lϕ .
Then we consider the mapping Pϕ :B(Lϕ) → Lϕ defined, as in [6], by
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{
ϕ−1( 21−‖f ‖qϕ (1 − ρϕ(f 21+‖f ‖ )))χ( 1+‖f ‖qϕ2 ,1]
if f ∈ B(Lϕ) \ S(Lϕ),
0 if f ∈ S(Lϕ).
The same proofs of [6, Lemmas 4.2–4.3] give that Pϕ is compact and ‖Qf + Pϕf ‖ = 1 for all
f ∈ B(Lϕ), where Qf = f 2
1+‖f ‖
. Then by Corollary 8 we have that the retraction Rϕ = Q + Pϕ
is 1-ball contractive. In particular, ω(R) 12q .
4.3. Nonlocally convex Lorentz spaces
Given f ∈ L0, we denote by f ∗ denote the decreasing rearrangement of f , given by
f ∗(t) = inf{λ 0: μ{|f | > λ} t}.
If 0 < p, q < ∞, the Lorentz space Lp,q := Lp,q([0,1]) consists of all f ∈ L0 for which the
quantity
‖f ‖p,q =
(
q
p
∫
[0,1]
(
t
1
p f ∗(t)
)q dt
t
) 1
q
is finite. We recall that the spaces (Lp,q,‖ · ‖p,q) are not in general Banach spaces. But, depend-
ing on p and q , the following well-known facts hold.
Proposition 15. (See [14, Theorem 1, p. 421].)
(i) If 1 p < ∞ but 0 < q < 1 or 0 < q  p, the space (Lp,q, (‖ · ‖p,q)q) is a q-normed space.
In particular, if 1 q  p < ∞, the space (Lp,q,‖ · ‖p,q) is a Banach space.
(ii) If 0 < p  1 and p < q < ∞, the space (Lp,q, (‖ · ‖p,q)s) is an s-normed space for
0 < s < p.
Assume that Lp,q is a Lorentz space with exponents p and q as in (i), respectively (ii). Then
the space Lp,q is a regular q-normed, respectively s-normed, ideal space. Moreover, we have
S ⊆ Lp,q and that Lp,q is the closure of S with respect to the q-norm (‖ · ‖p,q)q , respectively the
s-norm (‖ · ‖p,q)s (for detailed proofs we refer the reader to [8] and [14]).
Let α : [0,1] → [1,2] be defined by
α(x) = 2
1 + x ,
and β : [0,2] → [ 12 ,1] be defined by
β(a) = 1
a
.
Then by a direct computation for f ∈ Lp,q we get
β(a)
1
p ‖f ‖p,q = ‖fa‖p,q .
Therefore the space Lp,q is a regular q-normed, respectively s-normed, ideal space, satisfying
conditions (P1) and (P2) of the previous section. Once again the mapping Hc can be written as
in (7), and Theorem 11 applies.
1118 D. Caponetti et al. / J. Math. Anal. Appl. 335 (2007) 1105–1118Theorem 16. For any ε > 0 there exists a (1 + ε)-ball contractive retraction
R :B
(
Lp,q
)→ S(Lp,q),
so that W(Lp,q) = 1. Moreover ω(R) > 0.
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